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Analyticity Properties of Helicity Amplitudes and Construction of Kinematical
Singularity-Free Amplitudes for Any Spin*
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The analyticity properties of helicity amplitudes for binary reactions of particles with arbitrary spins are
studied using the following three properties: (i) the analyticity properties of scattering amplitudes, assuming
these are correctly predicted by perturbation theory; (ii) the crossing relations of helicity amplitudes near
s=0; (iii) the threshold behavior of partial-wave amplitudes. Making use of these properties, kinematical
singularity-free amplitudes for any spin are constructed by modifying helicity amplitudes. MacDowell
reciprocity is generalized to arbitrary spin. Helicity amplitudes are proved to satisfy the Froissart limit

at the high-energy limit.

I. INTRODUCTION

HE S-matrix theory of strong interactions is based
on the analyticity properties of scattering ampli-
tudes.! Among various kinds of amplitudes, the helicity
amplitude introduced by Jacob and Wick? is most
convenient for practical applications. Until now, if one
wanted to know the analyticity properties of helicity
amplitudes, one had to look for thelinearly-independent,
Lorentz-invariant scalars built up from the four-
momenta and spin parameters of the external particles,
the coefficients of which are free from kinematical
singularities and satisfy the Mandelstam represen-
tation. (Here, the spin parameters include Dirac
matrices, polarization vectors, and fermion spinors.)
Then, one had to know the relation between helicity
amplitudes and these coefficients. This has been done
for wm, #N, and NN scatterings®* and their crossed
reactions.*® For more complicated scattering problems,
a prescription for finding kinematical singularity-free
amplitudes has been given.® However, it is not easy to
follow the prescription. For example, it was difficult
even for NN scattering. Therefore, this indirect method
will not be used in the following. Instead, we will
investigate the analyticity properties of hehc1ty amph—
tudes from the beginning.
As will be shown in the following, the analyticity
properties of helicity amplitudes are not so complicated
for simple scattering problems.”
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IFor #V scattering®?
Jra=cos(0/2)[2M A+ (W*—M*—u)B],
Jr—=sin(6/2)L(W*+M>— ) A (L.1)
+ (W= M2+-2) MBIW .
For NN scattering®
F(frvar— frr—) = EGi—2p°Got-m’Gy,
3 (fer i+t fra—) = (B Ga+m*Gy)z— p°Gs,
LA+ = (1—2) ey = — PG,
(z=cos), (1.2)
O+ st (1=2) iy J= MGk EG,
(m/9) frv4—=—mE(Ge+Gy), (y=sinf).
For the 7= — NN process’
fir,=[—2pA~+2mgB cosb],
fy—,=2EqgB sinf. (1.3)

Readers will see from Egs. (1.1) to (1.3) that the
modified helicity amplitude,
Ixna nany= [cos (6/2) T+ [sin (6/2) -1+
X2 fxnahahss
[A=Xa=Ns, m=Ne—As, £=0 (or 1)
if Ne—Ap—Ac+Aais even (or odd)],

(1.4)

satisfies the Mandelstam representation if we neglect
possible (kinematical) poles at s=0 and p=0. We can
get rid of these by multiplying Eq. (1.4) by sfand p?£
(¢ and L can be predicted).

The amplitude (1.4) does not satisfy the Mandelstam
representation in general. However, it will be shown
that we can modify helicity amplitudes for any spin in
such a way that the modified amplitudes satisfy
Mandelstam representations. A list of kinematical
singularity-free amplitudes will be given in Sec. VIL.
Making use of this result, a generalized MacDowell
reciprocity will be proved in Sec. V. Helicity amplitudes
for any spin will be proved to satisfy the Froissart limit
at high energies (Sec. VI).
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II. ANALYTICITY IN COSO AND IN ¢

In the following, we assume that the analyticity
properties of scattering amplitudes are correctly pre-
dicted by perturbation theory. Then it has been shown®
that the amplitudes of binary reactions ¢+b— ¢+d
can be written as®

T=Z Bf(s;t:M)Nj(Pi)Bi> ’ (21)

where 7' is related to the corresponding S-matrix
element through

(pepal S—1| paps)= (2m)4i8* (pot pa—pa—ps)
X (plppLpdy T . (2.2)

B,(s,t,) is an analytic function of s, £, and # and
satisfies the Mandelstam representation. N;(p;,8;) is a
polynomial in the four momenta of the external par-
ticles p; and spin parameters §; which include Dirac
matrices, fermion spinors, and polarization vectors.

The expectation value of (2.1) between helicity states
in the center-of-mass system of the s channel (helicity
amplitudes) can be written as

Troranars=2 Bj(s,t,u) [ Polynomial in ., p?
7

%, pp’, sin(6/2) and cos (Q/Z)][p" or "]
X H [pio—}—mi]“m . (23)

i: fermion

In deriving (2.3) we have made use of the fact that the
helicity states are linear combinations of direct products
of ex*(p) and ur(p) (A stands for helicity and u is a
Lorentz index), where

e1*(p)=(0; cosb, ¢, —sinf)/VZ,

eo*(p)= (p; p° sinb,0,p° cosb)/m,
e-1*(p)=(0; —cosb, 1, sinf)/V2 ,

wa($)=[(p"+m) cos(6/2), (p"+m) sin(6/2),
p c0s(6/2),p sin(6/2) T 2m(p+m) 127,
waa(p)=[— (#+m) sin(8/2), () cos(6/2),
psin(8/2), —p cos(6/2)]
X2 (p-m) T,

for pr=(p%p sinf,0,p cosh). For example, the helicity 2
state of a spin § particle is eyuy/2.

The helicity amplitude, T az,000p 10 (2.3) is related
to the conventional helicity amplitude of Jacob and
Wick? through

T"c)\dn)‘a)‘bz 27r(SP/P’)lmf)\c)\d-xaxb(da/dﬂz |fl2) . (24)

In (2.3), p0 is the energy of the particle 7 in the center-
of-mass system of the s channel, () is the momentum
of the initial (final) particles in the center-of-mass

and

¥ s=(patpp)’=(potpa)’,

(P by = G b o,
= a~Pa)"=\Pb—Pc)%
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system of the s channel, 8, is the scattering angle in the
center-of-mass system of the s channel, and

pa’= (stmd—my?)/2(s'7),
p=Ls— (matmy)* s — (ma—ma)*]/ (4s), (2.5)
and
cosf=[2st4s"—s 3 mi+ (mi’—my?) (mi—md) ]
X (4spp') "

In (2.3), n=0 (or 1) if nanmena=1 (or —1) due to the
P invariance of the strong interactions.?
Next let us consider the following amplitude:

Thanans = Leos(8/2) M sin(8/2) TN Ta g nahe
(7\: Na—MNp and M= )\c“‘)\d) . (26)

This amplitude has been shown!®! to depend on cosf,
but not on cos(6/2) and sin(6/2). Then, we can write
it as

Trorapary =2 Bj(s,t,u)[Polynomial in p9, p?,
i

P, pp’, and cosd ][ p7 or p'7]
X II  [po4m 2.

i: fermion

2.7)

Hence, we have found that for fixed real s, 77 is analytic
in the cosf plane with cuts on the real axis. Since cosf
is linear in ¢, we have also found that 77 is analytic in
the cut ¢ plane (for fixed s) with cuts! (fmin, ) and!
(=, 2 i mP—s—umin). Therefore, we have only to
study the analyticity properties of helicity amplitudes
as functions of s.

III. ANALYTICITY IN s; GENERAL CASE

Thus far, we have only considered the helicity ampli-
tude for the s reaction (Thpzna0,%)- As has been shown
in the previous section, the helicity amplitudes for the
¢ reaction (74005 has no kinematical singularities
in s if it is divided by

[cos(6:/2) T~ #I[sin(6,/2) T+,

Crossing relations between helicity amplitudes in the
s channel, Ty 5.° and helicity amplitudes in the ¢
channel, T4, 47art, have been proposed by Trueman
and Wick®? and by Muzinich.!® According to Trueman
and Wick,

9 9; is defined in Ref. 2.

M. Gell-Mann, M. L. Goldberger, F. E. Low, E. Marx, and
F. Zachariasen, Phys. Rev. 133, B145 (1964).

4 F, Calogero, J. Charap, and E. Squires (to be published);
I*. Calogero and J. Charap, Ann. Phys. (N. Y.) 26, 44 (1964).
(119261‘5 L. Trueman and G. C. Wick, Ann. Phys. (N. Y.) 26, 322

18T, Muzinich (to be published).

14 A proof based on Muzinich’s relations can be given in the
same way.
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Tovpa’= 2o dors®Ya)dyy* (m—o)dp s (r—¥1)dara®* Wa) Top var’ s

6/7lﬂ/al
where
(stmat—my?) (t+ma’—mdE)+2mg? (me? — me*+m—md’)
cosye= ,
Appi(st)'?
(sma?—mg?) (t+me* —ma?)+2m (mgt—my*+ma —m.*)
cosyp= ,
4pp (si)'?

siny = mqp, sind,/s'?p,
singy=myp, sind,/s'2p,
po=Ct— (martm TR — (o —m E ]2/ 2000,
b =[t— (myt-ma)* PLt— (my—ma)* ]2/ 2012,
costy=[2st41—1 3 mi+ (ma—m) (m* —ma’) J(4tpep/ )"
At first, let us consider the general case. (We assume any two of the four external particles have unequal masses

and m,>m; and m.>ma.) In this case, dr,(¥:), sin(8,/2), cos(6;/2) have no s'/? and s type singularities and
sin(6,/2) — O(s)* and cos(8,/2) — O(1) as s — 0. Therefore, from the crossing relations, (2.7) becomes

ch)\ dJ\a)\b,: sIA—ul Z Bj(S,i,%)fj(S, COSG) ) (‘51)
J

where f is a function of s and cosf and is analytic in s at s=0, and from (2.7) and the crossing relations we obtain

Troanars ' =0 I [2512(p04ma) 1T ananans’

i: fermion

1 or pp's 0
=s~I—u2 3" Bi(s,t,u)[ Polynomial in s2, p%s, p'%s, and cos@]l: ] for n=[ :l . 3.2)
i psi2 or  p'sii? 1

For the sake of simplicity, we consider only the n=0 case in the following!®: Then!®
Trenanars =s~H2 57 B;(s,t,u)[Polynomial in s and cosd ]
’ X (1 or pp’s) for BB— BB,
[s— (ma—mp)2 2T\ g nany = s~ IVHI2 Z Bj(s,t,u)[Polynomial in s and cosf ]
J X (1 or pp’s) for FF— BB, (3.3)
[s— (ma—mp)? ]2 [s— (me—ma)2 JU2T \ p g ongny = STINHI2 Z B;(s,t,u)[ Polynomial in s and cos6]
J

X1 or pp's) for FF— FF,
since

IT  [2s2(p04ms) 2= (Wmatmp)[s— (ma—my)2 ]2 for FF— BB

%: fermion
= (Wmatmy) WHmetma) s— (ma—my)* 1 s— (m.—mg)*]? for FF— FF,
and since w0.uw' O, etc., do not have poles at W=s"2=— (m,+ms) and W= — (m.+ma).
For BF — BF,

L2 (paa-4ma) JEL25 2 (pum ) V2= L2 p 0 ma) P22 (p S m ) T2 (25— me) I
XL252(p 8= m) Vo[22 (-4 o) T2L2542 (p0-me) 12— [ 2672 (0 —mo) 1
X[252(pOd—m,) T2y =E(s)+5720(s).  (3.4)

15 For the n==1 case, see Sec. VII.
16 In the following, B and F stand for bosons and fermions, respectively.
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Thus!?
E(s)Taparary =823 Bi(s,t,u)[ Polynomial in s and cosf (1 or pp's) (3.5a)
i

and
SY20(8) Tagrgrarg =Y 1—#12 3~ B/ (s,¢,u)[ Polynomial in s and cos6](1 or pp’s). (3.5b)
J

Therefore, we can find kinematical singularity-free amplitudes if we can separate the terms that contain the factor
pp's from these that do not contain it. This separation can be made by making use of the threshold behavior of
partial-wave amplitudes.

For this purpose, let us consider the parity-conserving helicity amplitudes defined by

/y (_ 1))\+)\m+s5+sd—v

7
Ty anare™= Taranars NeNal —rg=ha,Nads

= 2qs22Hul2AD=ul 2 57 (2T 1) [ena (2) Faonapnarns” EFenn” ™ (3) Faganars” * (3.6)
7

where N\,=max(|\|,|u|) and » is § (or 0) for half-integral J (or for integral J). In terms of 7%, we can write F
matrix elements [F ;7= (S;7 —8,;) (20)71p"12p17] as

1
Frovanary’ == (16m2s) 1227 Il 2= h—ul /2 / Ao one (B Tagnanars™ (@) Forn”™ (@) Draranare(®) T,
-1

where
Frpanay=ET M ; Noha| F|TM 5 Moy ).
and
P \ JM, >\a/\b>:§:: o (—“ 1)J_’UIJM, )\a)\b>:§:'
The ¢/t can be written as linear combinations of the Legendre functions Py ami2e, Pramtoot2, ***y L rfam—2v

with constant coefficients.’® The ¢y,’~ can be written as linear combinations of the Legendre functions P s ami20+1,
Py ymioors, =y Priam—se—1 with constant coefficients.’ For all reactions, ex,’+ (ex,’™) is an even (odd) function
of cosf if J+max(|\|,|u])—2v is even and an odd (even) function of cosd if J4+max(|\|,|u])—2v is odd. If we
assume that nans=nme=1, then F/+ is an even (odd) function of both p and ' if J—v is even (odd) and F7— is
an odd (even) function of both p and p’ if J—v is even (odd). In the following part of this section, we assume that
max(|A|,|u|)—v is even. Therefore, we find for BB— BB, FF — BB, and FF — FF

7= — -
Drxpanare =T papane 05— (ma—me) 2T\ g aars™
or

Ls— (ma—mp)* V¥ s— (me—ma)* TP oA aparst =582 2 B;(s,t,u)[ Polynomial in s and cos?6]
i

X (1 or pp'scosh) (3.7a)
and
Troarars "=Drpanars s [5— (ma—ma)" 12 a g nars™
or

[s— (mg—mp)? 2L s— (me—ma)2 |2 Tapnararg— =42 3 B;(s,t,u)[ Polynomial in s and cos?§ ]
i

X (pp's or cosf), (3.7b)

where
$=maX(l)\—y|,|)\+yl).

Therefore, we have found that the amplitudes (3.7a) and (pp’s) X (3.7b) satisfy the Mandelstam representations
if we neglect possible kinematical singularities at pp’s=0 [cosf contains a factor (pp’s)~1]. The singularity at
pp’s=0 can be removed by multiplying Eqs. (3.7a) and (3.7b) by (pp’s)Z+. The L, can be determined from the
threshold behavior of phase shifts.
The threshold behavior of IF/* is
[ s ) O(phip's). (3.8)
»,p"

Let us define pyf=max|J 1| and p,/=max|J—/;| for states of T*, where /; and /; are the initial and final
orbital angular momenta which are compatible with total angular momentum J. Then, we obtain

Ly=max[p."—Nn+2v, po/ —Nn+20, and 0]. (3.9

17 In deri.ving Eqgs. (3.5a) and (3.5b), properties of E(s)#O;u and O(s)#0;u have been used.
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Therefore,
Inaraaae= ¥ 2(pp') = Trnanars = (3.10)

satisfies the Mandelstam representations.
For BF — BF: [we assume (— 1)Mwtsctsa—uy p,=17]

E($)Tax g nars F520 () Tonemrnarars = 7512 Y- Bj(s,t,u)[ Polynomial in s and cos?6 (1 or pp's cosh),
i

E($)Troranars —SP20($)Txpmnanany =752 2 Bj(s,t,u)[ Polynomial in s and cos?0](pp’s or cosh),
J

(3.11)
SP20() Tapnanans FES)Toxemnanany =552 3 Bj(s,t,u)[ Polynomial in s and cos?dJ(1 or pp’s cosb),
SP20()Tapnarars —E(S)Torenanany =552 2 Bj(s,t,u)[ Polynomial in s and cos?d](pp’s or cosf),
i
where!®
¢=max(|A—p[, [\ul-1)
and
¢'=max(|N\—p| =1, [N p]).
Therefore, we find the following four kinematical singularity-free amplitudes:
s (pp's) PHE () Tagnanare +5720() Txera a5 (3.12a)
S s) FHAES) Traonanans’ =0 () Treranads'} 5 (3.12b)
sP(pp's) {20 () Trgranars TE() Treranas'} (3.12¢)
s (pp's) s O () Traonarars —E(9) Tne-ranars' } - (3.12d)
They are not independent, but Eqgs. (3.12a) and (3.12c) are independent.
IV. ANALYTICITY IN s; SPECIAL CASES The difference between (3.9) and (4.4) comes from the
In this section we consider the special cases: (i) fact that (3.8) is replaced by
Ma=mp=m=mq, (i) m.=m, and my=mg, (i) T Lkl
me=mp and m,=mg. In these cases, the analyticity r ;joo(P ) (46)

properties of the scattering amplitudes are simpler than  in this case.
those in the general case.
B. BB — BB and FF — FF (m,=m., my=m,)

A. Boson-Fermion Scattering (m,=m,, my=my) In this case, (2.7) becomes™ !
(2.

When m,=m, and my=mg, O(s)=2m. Thus, Eq. ,
(3.5b) becomes!®® Tronanany =22 Bi(s,tu)s—e

1
fm sl S B, .
Tronanany =s~17# - Bj(s,t,u) X [Polynomial in s2 and cosf], (4.7)

X [Polynomial in s and cos6], (4.1) and Eq. (3.1) is still valid here. Therefore, we find that

and the amplitude s (P2) T\ o rans (4.8)
SABUR(25) LTy s ans! (4.2) satisfies the Mandelstam representation [ L is given by
) ) ' ] Eq. (4.3)].
is found to satisfy the Mandelstam representation,
where , » C. BB — BB, FF — FF, BB = FF
L=max[Ly,L_], (4.3) (Ma=my, Mme=my)
Ly=max[pL—An+20,0], (4.4) In this case, (2.7) becomes*
and
2o =max|2J—1l;—1I;]|. (4.5) T)\c)\d,)\a)\blzz B;(s,tyu)
J
18 Unfortunately, the author has not been able to prove Egs. X [Polynomial in s'/2 and cosf]. (4.9)
(3.11) in general. The amplitudes for the reaction 7+p — K-+A
can be shown to satisfy (3.11), but for other cases (3.11) is only 2 In this case, we do not need to consider the factor
conjectured. TT(p2+ms)=2 since ainr(pe)Osun(pa) and i (pa)Osua(pe) are
¥In this case, pJl=p0 p=psd P=p"=pp’, and polynomials in p:% p, ', sin(6/2), and cos(6/2).
cosf =14 (¢/2p%). 2Tn this case, 2p%=s12 4pt=s5—4m? 4p?=s5—4m", and

2 Here, we assume ngnp=7ne4= 1. cosf= (t—u)/(4pp").
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From (3.3) and (4.9) we find
s ) P Toaranars’
satisfies the Mandelstam representation, where
L=max[L,L_],
Lyo=max[p ' —An+2v, oo/ —Aut+22, 0], (4.11)

(4.10)

and
£=0 if N—u+tn isevenin BB— BB,
FI'— FF
orif A—u+7n isoddin BB&FF
and
(=1 if A—u+7n isoddin BB— BB,
FF — FF
orif A—p+tn isevenin BBZFF.

D. Equal Mass Scattering (m,=m,=m.=my)

In this case, (2.7) becomes®

Trenanary = 2, Bi(s,t,m)
i

X [Polynomial in s/2 and cos6]. (4.12)

From Egs. (4.1), (4.10), and (4.12) we find the ampli-
tude

S_EPZLT)‘C)‘d r);a)\b, (4 13)

satisfies the Mandelstam representation, where ¢ is
given in the previous subsection and £=0 (or 1) if
A—pu-+7 is even (or odd) in BF — BF. L is given in
(4.3).

V. GENERALIZED MACDOWELL RECIPROCITY

MacDowell has found the following reciprocity
relation between the partial-wave amplitudes of =V
scattering?®

Jir(=W)=— fua= (W), (5.1)

where
fiE=exp(i6;F) sind;x/p.

Making use of the results of the previous sections,
we can generalize (5.1) for any BF — BF reaction to*

Frpanane” (W)= — (=¥ P\ panane’ (=W), (5.2)

where F7#+ has been defined in Sec. 111,

S2Fy pararg” E= (1/4a) 27N Ful 2= Dpl 12

1
X / Az o v anas™ o Traganars ' -
1

% S, W. MacDowell, Phys. Rev. 116, 774 (1959).

%TIf mo=mp=m.=mgq, the factor (—1)*# in (5.2) and (5.3)
should be replaced by (—1)*#*7. For vector-spinor scattering,
the relations F/*(W)=—F/=(—W) have been obtained in Ref.
10. However, the factor (—1)** is necessary if we use the phase
factor of Jacob and Wick (Ref. 2).

HARA
Since
TEx Tapgnars =T A grady s
Troranars (— W)= (=1 *Tragnan (W),
and?
Txeranars (= W)= = (= *T s agnany’ (W), (5.3)

we can easily obtain (5.2) for BF — BF reactions.
For other reactions,

|F7EW) | = |F7(=W)] .
V1. HIGH-ENERGY LIMIT OF HELICITY
AMPLITUDES

Froissart has shown??’ that the scattering ampli-
tudes of spinless particles have upper bounds at the
high-energy limit,

|T| < (const)s(lns)? for z==1 (6.1)

(6.2)

and

| T| < (const)s¥4(Ins)*? for —1<z<1

on the assumption that 7' satisfies the Mandelstam
representation.

It was recognized later by Greenberg and Low?® and
by Martin® that it is not necessary to make use of the
full analyticity assumed in the Mandelstam represen-
tation to obtain the bounds (6.1) and (6.2). It is
sufficient to assume that 7" be analytic in an ellipse E.

Kinoshita, Loeffel, and Martin® have improved (6.2)
and replaced it by

| T| <comst(lns)®? for —1<z<1,

assuming more analyticity than was needed in the Refs.
28 and 29, but less than was used by Froissart.

For the asymptotic behavior of the scattering ampli-
tudes for particles with any spin, Yamamoto has shown?®
that they satisfy the Froissart limit. However, his proof
does not cover the most general case, and is somewhat
complicated. Therefore, we have decided to give a
general and simple proof using helicity amplitudes.

In Sec. II we have found that if the analyticity
properties of helicity amplitudes are assumed to be
correctly predicted by perturbation theory,

T)\c)\dy)\a)\b’: [21/2 COS(0/2>:|-I)\+M
X [242 sin(6/2) - —#l Tronarars (6.3)

is analytic in the cosf plane with cuts on the real axis
(=, —1—a) and (148, ©), where @ and B are real
positive and approaches 2#min/s and 2im:/s at the
high-energy limit (s — o), respectively. However, for

% For BF — BF, (—1)%=—1.

26 The proof in this section has been carried out in collaboration
with Dr. Louis Bal4zs.

27 M. Froissart, Phys. Rev. 123, 1053 (1961).

28 0. W. Greenberg and F. E. Low, Phys. Rev. 124, 2047 (1961).

% A. W. Martin, Phys. Rev. 129, 1432 (1963).

T, Kinoshita, J. J. Loeffel, and A. Martin, Phys. Rev. Letters
10, 460 (1963).

31 K. Yamamoto, Nuovo Cimento 27, 1277 (1963).
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our proof, we need a weaker condition, namely, that 7”
is analytic in an ellipse (E) with foci at —1 and 1 and
with semiaxes ¢ and (a?—1)'/2, where a¢=min(a,8).
From (6.3), we find
Txaxd,xaxb(W, Z= 1) =0 for )\—M?£0
and (6.4)

Troanars(W,2=—1)=0 for N+us=0

since 7" is finite at |z|=1.

Since!®
Trxoxanans (W,y2)=2ms"2 37 (2T +1) P gngny” (W)
J
1 Xen”(2),
Fronaony” (W)= / Brorns? () Trnaran (W),
4rstl? ) _y
and
1
TMM.MM/ (VV,Z) = f s’
2w along ellipse E
Trananars (W,3") .
X———— for zinkE,
7 —z
we obtain
1
Frxpapans” (W) =— f Az’ Trgnanans' (W,2")
8n%is\2J »

1 c J(Z)
X/ dz i

1 -z

1
= dz'T (W,
41r2is”2f1; % Taonarary (W,38")

XC)\MJ (Z) )

where we can write ¢ and C in the form

J4-Am—2v
(@)= X aJTPr(z),
J—=Am+2v
and
J4-Mn—2v
Cn@)= X anJ7'Qr(2),

J—Amt2v

where the a are constants. Thus, we obtain

I Ir)‘e)\dy)\a)\bJ(W) I < l zwkc)\d,)\a)\b,(pV,Z) | max on E

4ntsl2
X |Coa? (2) | maxon EL,
where L is the length of the path along the ellipse E.
L<2[a+ (a—1)12]=2u,
e 1+ (const/s'2)>1.

We assume that |7"(W,2)| max is bounded by a poly-
nomial in W, R;(W). From the properties of Legendre
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functions, we find*
| Coau? (2) | max<const(J)~12(1—1/u2)~lu~T-1,
Therefore, we find
[Fapanans” W) | <R (W)T 2

where R’(W) is a polynomial in . From the unitarity
of the S matrix, we know that

[Fxpanary” W) | < (pp/)12,
If we use the results of Ref. 10, we find
| ((142)/V2)MHuli2(1—2) VZ)P=r2Ty 5 g vane(W,2) |
=2mrs'2| ; QT+ 1) Faarars” Wer” (2)]

< (const)sw Z (2]+1> F)\c)\dy)\u)\b', (W) 1
i
where
fr()=1
and
fr(2) e @)/ for —1<z<1.
From (6.4) and (6.5), we find
[ Thpanars(@) | <constXs(Ins)? for z=z1

and

[ Ty punars(2) | <consts¥4(Ins)¥?  for —1<z<1.

VII. SUMMARY

In this section, a list of kinematical singularity-free
amplitudes Zang o 15 given. The properties used are
as follows: (i) the analyticity properties of scattering
amplitudes, assuming that these are correctly predicted
by perturbation theory; (ii) the crossing relations of
helicity amplitudes near s=0; (iii) the threshold be-
havior of partial-wave amplitudes.3
In the following

Tronanany' =[cos(8/2) 7™ #/[sin (0/2) 1P T x g rahs,
(>\=)\a—-)\b and yz)\c—kd).

Case I. mo=mp=m =ma=m
(i) BB— BB, FF — FF, and BF — BF.

Inonanars= S (s —AmH) T\ x g aans
where
£=0
£=1
(i) BB < FF.

— 4
h)‘c)‘d')\a)\bz s ¢ (S'— 4:’}’”/2) LT)\c)\dv)\a)\b )

i A—ptn
if N—ptn

is even,
is odd.

%2 E. T. Whittaker and G. N. Watson, Modern Analysis (Cam-
bridge University Press, New York, 1927), 4th ed., p. 322.

# This assumption may be replaced by the crossing relations
near p=0 and p’'=0.
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TasrE I. The a4 and B;.

name nena max(A|,|lul)—v Ly ey B+ L. oo B-
+  + even even 0 0 odd O O
+ + odd odd 0 O even 0 O
even 0 1 even 1 O
+ - even
odd 1 0 odd 0 1
even 1 0 even 0 1
+ - odd
odd 0 1 odd 1 O
even 1 O even 0 1
— -+ even
odd 0 1 odd 1 O
even 0 1 even 1 O
-+ odd
odd 1 0 odd O 1
- - even odd 0 O een 0O O
- - odd even 0 O odd O O
where
(=0 if A—pu+n isodd,
(=1 if AN—u+7n iseven.

Case I1. mo=m,, Mp="mMa, Nao="cNd
BB — BB, FF — FF, and BF — BF.

- ’
Ingng narng=SPHI2(P2) ETy p g o

Case I11. mo=mp, Mo=mq
(i) BB— BB and FF — FF.

Ipanans =P ) ETr g nans
where
£=0
=1
(i) BB < FF.

Inonanars=S"E2(PP ) ETr parans >

if A—pty
if A—p+n

is even,

is odd.

where
£=0
£=1

if A—ptn
if A—pty

is odd,

is even,

Case IV. General Case

Any two of the m’s are not equal and ma.>ms and
Me>Ma.

(i) BB— BB, BB= FF, and FF — FF.

YASUO HARA

We define Thag e '+ as
T)\c)\d,)\a)\bi for BB— BB’

[s— (ma—ma)* TP\ g\ e

Tapanarg £= for FF— BB,
[s— (ma—mb)2:|1/2[s— (mc_md)zjl/z
Trparas for FF— FF,

where

Trpanaret = Dapra oy == (— 1)MAmy g (— 1) sctsa—e
KT xgrghars -
Then

Ingngaary= SE2(pp"s) L (pst2) o (p'sUD)PET ) 5y aany”'

where
g=max(|\—ul,| M ul)

and o and By are given in Table I, and L, are given
by Eq. (3.9).

(i) BF — BF.

We define T)\c)\d,)\a)\b(i) (i= 1, 2, 3, and 4) as

Drpnanars® =E() Trpranars +570 () Tr;ranars
Draranars® =E () Dapngnare —20()vT-x-rapars >
Dapnanas @ =5P0() Tagrgrars +E(S)vT 2 2anans
Tananars®=5"0(5) Tapanars —E()rTx iy »
where E(s) and sY?0(s) are defined in (3.4) and
y=(—1)Mmtectsi—oy 1, Then,
Mg nane=S2(pp's) Lt (pst?) o+ (p'sVH)B+T D
g nane=S52(pp"s) = (pstiB) e (p/si2)B-T @
Iaa naro=SEP2(pp’s) Lt (pst) e+ (' sU2)B+T @ |
Ixoranane= 8" 2(pp's) L= (pstH) a=(p'sH2)f-TW |

where

§‘=max(|>\—u|, l)\+”| _1)’
and

¢'=max(|\—u|—1, [\ ul),

and oy and B are given in Table I, and L, are given
by Eq. (3.9).
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